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Abstract
We calculate perturbative quantum gravity corrections to generic eternal two-dimensional
dilaton gravity spacetimes. We estimate the leading corrections to the AdS2 black hole




In recent years, two-dimensional dilaton gravity has earned a great deal
of attention because of its relevance to the study of classical and quantum
properties of (higher-dimensional) black holes, branes, string theory, and
gravitational collapse. At the quantum level, attention has been mainly
focussed on semiclassical theory (see for instance [1] and references therein).
Matter elds are quantized whereas gravity is classical in this formulation.
Here, we take a dierent approach and quantize the gravitational sector of
the theory. We apply the perturbative quantization algorithm described
in Ref. [2] to generic two-dimensional dilaton gravity spacetimes in vacuo
and evaluate pure quantum gravity corrections to the geometry of eternal
dilatonic black holes. Quantum corrections to the classical solutions are
obtained by a perturbative expansion on powers of the curvature. Thus
quantum gravitational eects vanish in the limit of large ADM mass and
in the asymptotic region far away from the black hole horizon where the
black hole behaves classically. Quantum eects become instead signicant
at nite distances from the black hole horizon. This leads to a modication
of the physical quantities which are associated to the classical geometry.
As two illustrative examples, we will estimate the leading quantum gravity
corrections to the Bekenstein-Hawking entropy of the AdS2 black hole and
to N -dimensional spherically symmetric gravity.




p−g [φR + V (φ)] , (1)
where φ is the dilaton eld, R is the two-dimensional Ricci scalar constructed
from the metric g
(2)
ab , and V (φ) is the dilaton potential. In the following we
will consider the power-law dilaton potential
V (φ) = bφb−1 , (2)
where b is a positive real number. In the gauge φ = x the general classical
black hole solution of the theory is [3]




dφ0V (φ0) = φb . (4)
The constant parameter M is proportional to the ADM mass. The geometry
is singular at φ = 0 and asymptotically flat as φ ! 1. The black hole
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event horizon is located at φ = φh = M
1/b. When b = N−3
N−2 Eq. (3) describes
the two-dimensional eective theory of N -dimensional spherically symmetric
gravity after integration on the (N − 2)-dimensional sphere with radius r =
φ1−b and a two-dimensional conformal transformation with factor φ−b:
ds2(N) = [φ(x)]
−bg(2)ab dx
adxb + [φ(x)]2(1−b)dΩ2N−2 . (5)
In the usual gauge Eq. (5) reads [2]
ds2(N) = (1− J/rN−3)dt2 −
dr2
(1− J/rN−3) − r
2dΩ2N−3 , (6)
where the parameter J is related to the ADM mass by
J =
16pilN−2pl
(N − 2)VN−2MADM , (7)
and VN−2 is the volume of the (N − 2)-dimensional unit sphere. (lpl is the
N -dimensional Planck length.)
The theory (1) can be formulated as a nonlinear sigma-model [3]. We
introduce the new eld
M(φ, gµν) = N(φ)− ∂µφ∂µφ . (8)
M(φ, gµν) is invariant under gauge transformations and is locally conserved
on-shell, where it coincides with the parameter M in Eq. (3). Neglecting







where ξi = (M, φ) and the metric of the target space is
Gij =
1






Gij is singular at the black hole horizon and asymptotically flat for φ !1.
The nonlinear sigma model (9) can be quantized perturbatively by ex-
panding the metric of the target space in Riemann normal coordinates ζ
[4]z
Gij(ξ) = Gij[ξ(0)]− 1
3
Rikjl[ξ(0)]ζ
kζ l − 1
3!
Rikjl;m[ξ(0)]ζ
kζ lζm + . . . , (11)
‡For the derivation and a detailed discussion of Riemann normal coordinates see e.g.
Ref. [5].
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where Rikjl is the Riemann tensor. The Riemann coordinates are (up to
second order in the Riemann expansion)
















and P indicates the sum of terms obtained by permuting the subscripts
cyclically. The corrections to the elds are dened as






jζkζ l . . . (14)




















Due to the curvature singularity of the target metric (10), all terms in the
coupling constant expansion g(ζ) diverge on the black hole horizon; the latter
corresponding to the strong coupled regime of the theory. Therefore the black
hole horizon cannot be described by the perturbative expansion (15).
In Eq. (15) we have rescaled the elds ζ i by a factor
ζ ! ζ 0 = ζ [N(φ0)−M0]−1/2 , (17)
and have dropped the primes for convenience. At the leading order in the
perturbative region (φ0 !1) the coupling constants gmn are
gmn  φ−bn/2+m(b/2−1)−10 . (18)
Equation (15) describes an interacting string which propagates in a curved
two-dimensional target space. The rst-order coupling constant, g00  φ−10 ,
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can be interpreted as the (coordinate dependent) coupling constant of the
theory (1). Thus the perturbative expansion (15) is both a weak-coupling
expansion in terms of the coordinate-dependent gravitational coupling of the
model and an expansion near the boundary at φ0 !1.
Using Eq. (10), Eq. (14) and Eq. (17) the asymptotic corrections to the
physical elds can be expressed as functions of φ0 and ζ
i. For instance, at
the third order in the Riemann expansion we have
δM  δξ0  φb/20 ζ0 + A(ζ0)2 + Bφ−b/20 (ζ0)3 + Cφb/2−10 (ζ0)2ζ1 +
+ Dφ−b0 (ζ
0)4 + Eφ−10 (ζ
0)3ζ1 + Fφb−20 (ζ
0)2(ζ1)2 +
+ . . . (19)
and
δφ  δξ1  φb/20 ζ1 + A0φb−10 (ζ1)2 + B0φ3b/2−20 (ζ1)3 + C 0φb/2−10 (ζ1)2ζ0 +
+ D0φ2b−30 (ζ
1)4 + E 0φb−20 (ζ
1)3ζ0 + F 0φ−10 (ζ
1)2(ζ0)2 +
+ . . . , (20)
for M and φ, respectively.
From Eq. (15) it is straightforward to read the Feynman rules of the
theory. The free propagator is antidiagonal in the elds
























which is generated by the interaction term of order k = n + m + 1 in the
Riemann expansion.
Classical conformal invariance of the sigma model is broken at quantum
level. In the conformal gauge in d = 2 −  dimensions the (renormalized)
sigma model action is
S =
∫
ddx e−ρ/2 Lren + Sρ + Sghost , (24)
where Sρ is the eective action due to the Weyl anomaly and Lren is renor-
malized Lagrangian. At one-loop the breaking of conformal invariance leads















We can calculate the corrections to the free propagator due to the interaction
vertices of the string (23) and (25). At the rst order in the Riemann cur-
vature expansion the topology of the interaction implies that the propagator
is antidiagonal at any loop. The one-loop correction to the two-point Green















The two anomalous graphs are subdominant with respect to the contribution
in Eq. (26). Following Ref. [2] the one-loop renormalized two-point function
is

















(The leading nonzero diagonal contribution to the propagator is obtained at
two loops and at the third order in the Riemann curvature expansion.) It is
straightforward to evaluate the contributions to higher order Green functions.
Here we will give the result for three and four-point functions at one-loop and
up to the third order in the Riemann expansion. The leading contribution
to the three-point Green functions is given at one-loop by Feynman graphs
with a single ve-point vertex:
hζ0(x1)ζ0(x2)ζ1(x3)i  O(φb/2−20 ) , hζ0(x1)ζ1(x2)ζ1(x3)i  O(φ−b/2−10 ) .
(29)
(The leading non-vanishing contribution to the three-point Green functions
with identical external legs is obtained at two-loops and at the fourth order
in the Riemann expansion.) At one-loop the nonvanishing four-point Green
functions are
hζ0(x1)ζ0(x2)ζ0(x3)ζ1(x4)i  O(φb−30 ) ,
hζ0(x1)ζ0(x2)ζ1(x3)ζ1(x4)i  O(φ−10 ) , (30)
hζ0(x1)ζ1(x2)ζ1(x3)ζ1(x4)i  O(φ−b−10 ) .
The (one-loop) perturbative quantum corrections to the classical geometry
follow from Eqs. (19)-(20) and Eqs. (28)-(30). At the third order in the
Riemann expansion we nd
hδMi1−loop  Cφb/2−10 h(ζ0)2ζ1i+ Eφ−10 h(ζ0)3ζ1i+ Fφb−20 h(ζ0)2(ζ1)2i
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 O(φb−30 ) , (31)
hδφi1−loop  C 0φb/2−10 h(ζ1)2ζ0i+ E 0φb−20 h(ζ1)3ζ0i+ F 0φ−10 h(ζ1)2(ζ0)2i
 O(φ−20 ) . (32)
Finally, from the free perturbative action we have
hδMδφi1−loop  O(φb0) . (33)
The leading contribution to hδMδφi1−loop is given at the zeroth order in the
Riemann expansion by the term φb0ζ
0ζ1. Nonzero values of hδMi1−loop and
hδφi1−loop are rst generated at the second order in the Riemann expansion
when ζ3 terms appear in the expansions (19) and (20) and three-point Green
functions are non-vanishing. The corrections to hδMi1−loop and hδφi1−loop
that are generated by the third order term in the Riemann expansion are
of the same order of the corrections generated by the second order term.
This is due to the presence of the (ζ0)2(ζ1)2 term in the expansions (19) and
(20) which is nonzero at tree level. Higher order corrections that follow from
higher order terms in the Riemann expansion are subleading.
Using Eqs. (31)-(33) we can compute the corrections to the classical met-























Since no cross term δMδφ appears in Eq. (34) the leading corrections to
the classical geometry are generated at the second order in the Riemann
expansion. We shall see below that the leading quantum corrections to the
N -dimensional Schwarzschild black hole are given instead by Eq. (33).







These corrections modify the asymptotic structure of the spacetime and
have important consequences for physical quantities which are dened on
the boundary. The quantum-corrected line element at one-loop is
ds21−loop =
[












p−g [φR + Veff(φ)] , (37)
where
Veff(φ) = bφ
b−1 + O(φb−4) . (38)
The case b = 2 is rather interesting. If b = 2 Eq. (1) describes the Jackiw-
Teitelboim model [6] and the classical metric is anti-de Sitter (AdS). The lat-
ter describes the near-horizon limit of four-dimensional Reissner-Nordstro¨m
black holes close to extremality [7, 8]. Thanks to the AdS/CFT correspon-
dence, dilaton gravity on AdS2 is dual to a conformal eld theory dened on
the AdS2 boundary: The gravitational dynamics can be described by the mi-
croscopic degrees of freedom of the CFT [9, 10]. In particular, the statistical
entropy of two-dimensional AdS black holes can be derived by counting the





In Ref. [14] Cadoni and Mignemi have generalized the previous calculation
to models with asymptotic dilatonic potential
V (φ) = 2φ + O(φ−2) . (40)
They nd that the black hole entropy coincides with the AdS entropy at the
leading order. So the statistical entropy of the two-dimensional AdS black
hole (b = 2) is not modied by (perturbative) one-loop quantum gravity
eects at the leading order. If we trust the thermodynamical derivation of
the black hole entropy [15, 16, 17] beyond the semiclassical regime, the one-




M + O(M−1) . (41)
Therefore, quantum gravity corrections to the thermodynamical entropy are
subdominant to the logarithmic corrections that follow from the Cardy for-
mula [18, 19].
Let us now discuss the quantum corrections to the N -dimensional Schwarz-
schild black hole. Because of the presence of the two-dimensional conformal
factor [φ(x)]−b in Eq. (5), the expectation values of g(N)tt and g(N)rr involve
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the term hδMδφi. The latter gives the leading quantum corrections in the




















))] − r2dΩ2N−2 .
(42)
Higher order corrections in the Riemann expansion are subleading with re-
spect to the O(1/r) terms in Eq. (42). We have evaluated one-loop corrections
up to the third order. Second- and third-order quantum eects contribute to
hgtti and hg−1rr i with terms of order O(r−3N+6) and O(r−4N+9). The spheri-
cal part of the (N − 2)-dimensional metric receives corrections of the order
O(r−3N+8) and O(r−4N+10).
Comparing Eq. (42) to the classical metric (6) we can dene an eective
ADM mass:






Thus the classical ADM mass receives quantum corrections of order O(1/r),
in agreement with the four-dimensional analysis of [20]. In four dimensions
quantum gravitational eects are formally equivalent to an electric charge:
Asymptotically, Eq. (42) describes a Reissner-Nordstro¨m black hole. For
N > 4 the O(r−N+2) term in Eq. (42) dominates over the Reissner-Nordstro¨m
charge term of order O(r−2(N−3)) [21].
Let us conclude this paper by mentioning two possible extensions of our
results. The perturbative approach presented above breaks down on the
black hole horizon where the gravitational theory becomes strong-coupled.
Therefore it can not be used to discuss quantum corrections to the geometry
in the near-horizon region. Possibly, this can be accomplished either by
using duality symmetries of the dilaton gravity theory (see e.g. [22]) or by
formulating an alternative sigma-model description with non-singular target
metric. Finally, it would be of primary importance to explore the eects of
the inclusion of matter elds in the action (1), and investigate black hole
evaporation in a full quantum gravitational context.
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